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Abstract 



We introduce C*-pseudo-multiplicative unitaries and (concrete) Hopf C*-bimodules, 
which are C*-algebraic variants of the pseudo-multiplicative unitaries on Hilbert spaces and 
the Hopf- von Neumann-bimodules studied by Enock, Lesieur, and Vallin [5ll6ll4l [l0lll9ll20] . 
Moreover, we associate to every regular C*-pseudo-multiplicative unitary two Hopf-C*- 
bimodules and discuss examples related to locally compact groupoids. 

1 Introduction 

Multiplicative unitaries, introduced by Baaj and Skandalis 1,, play a central role in operator- 
algebraic approaches to quantum groups [3 [8j [TT] . Most importantly, one can associate to 
every locally compact quantum group a manageable multiplicative unitary, and to every 
manageable multiplicative unitary two Hopf C*-algebras or Hopf von Neumann-algebras 
called the "legs" of the unitary. One of these legs coincides with the initial quantum group, 
and the other one is its generalized Pontrjagin dual. 

In this article, we introduce C*-pseudo-multiplicative unitaries and Hopf C*-bimodules, 
and associate to every regular C* -pseudo- multiplicative unitary two Hopf C*-bimodules, 
generalizing the construction of Baaj and Skandalis 1 . We think that these two concepts 
can form the starting point for the development of a theory of locally compact quantum 
groupoids in the setting of C* -algebras. 

In the setting of von Neumann algebras, a satisfactory theory of locally compact quantum 
groupoids has already been developed by Lesieur [10] , building on the concepts of a pseudo- 
multiplicative unitary and of a Hopf von Neumann bimodule introduced by Vallin [191 [20] . 
Our C*-pseudo-multiplicative unitaries and Hopf C*-bimodules turn out to be closely related 
to their von Neumann algebraic counterparts. 

Let us mention that another approach to the problems pursued in this article was devel- 
oped in the PhD thesis of the author [TS] . The approach presented here allows us to drop a 
rather restrictive condition (decomposability) needed in [18], and to work in the framework 
of C*-algebras instead of the somewhat exotic C*-families. A comparison between the two 
approaches is in preparation. 

This work was supported by the SFB 478 "Geometrische Strukturen in der Mathematik'j^] 
and partially pursued during a stay at the "Special Programme on Operator Algebras" at 
the Fields Institute in Toronto, Canada. 

funded by the Deutsche Forschungsgemeinschaft (DFG) 



Organization This article is organized as follows: 

First, we fix notation and terminology, and summarize some background on (Hilbert) 
C"*-modules and on proper KMS-weights. 

In Section 2, we introduce some convenient notation and terminology related to a C*- 
algebraic analogue of Connes' von Neumann-algebraic relative tensor product of Hilbert 
spaces. Our simple C*-relative tensor product is based on the internal tensor product of 
C*-modules and enjoys all properties that one should expect like symmetry, associativity, 
and functoriality. 

In Section 3, we introduce a spatial fiber product of C*-algebras that is based on the 
C*-relative tensor product of Hilbert spaces. The definition is provisional and lacks several 
desirable properties like associativity. On the other hand, the construction is functorial, 
compatible with the fiber product of von Neumann algebras in a natural sense, and well- 
suited for the definition of Hopf C*-bimodules which is given at the end of this section. 

In Section 4, we define C*-pseudo-multiplicative unitaries, using the C*-relative tensor 
product of Hilbert spaces introduced in Section 2. We show that each such unitary is a 
pseudo-multiplicative unitary on Hilbert spaces in the sense of Vallin [20] and restricts to a 
pseudo-multiplicative unitary on C -modules in the sense of Timmermann [17] • To each such 
unitary, we associate two algebras and two normal *-homomorphisms which, under favorable 
circumstances, form Hopf C*-bimodules. In particular, we adapt the regularity condition 
known for (pseudo-) multiplicative unitaries pQH] to C*-pseudo-multiplicative unitaries and 
show that if this condition is satisfied, then the algebras and *-homomorphisms mentioned 
above do form Hopf C*-bimodules. 

Section 6 is devoted to locally compact groupoids. We discuss the C* -pseudo- multiplicative 
unitary associated to a locally compact groupoid, show that it is regular, and determine the 
associated Hopf C*-bimodules. 

Preliminaries Given a subset Y of a normed space X, we denote by [Y] C X the closed 
linear span of Y. 

Given a Hilbert space H and a subset X C C(H), we denote by X' the commutant 
of X. Given Hilbert spaces H, K, a C*-subalgebra A C C{H), and a *-homomorphism 
7r: A — > C(K), we put 

£"(H, K) := {T G C(H, K)\Ta = ir(a)T for all a G A}; 

thus, for example, A' = C idA (H). 

We shall make extensive use of (right) C*-modules, also known as Hilbert C*-modules 
or Hilbert modules. A standard reference is [9j- 

All sesquilinear maps like inner products of Hilbert spaces or C*-modules are assumed 
to be conjugate-linear in the first component and linear in the second one. 

Let A and B be C* -algebras. Given C*-modules E and F over B, we denote the space 
of all adjointable operators E — > F by Cb{E, F), and the subspace of all compact operators 
by K B (E,F). 

Let E and F be C*-modules over A and B, respectively, and let it: A — > jCb{F) be 
a *-homomorphism. Then one can form the internal tensor product E ® T F, which is a 
C**-module over B (5J Chapter 4]. This C*-module is the closed linear span of elements 
r\ ®a £, where r\ G E and £ G F are arbitrary, and (r) <g) w £\rj' <8)^ f) = (£l 7r (( 7 ?l ? /})£ / } and 
(V ®,r £)& = r\ Cgv £b for all r\, 77' G E, £, £' G F, and b G B. We denote the internal tensor 
product by "©" ; thus, for example, E @ w F = E <g),r F. If the representation n or both 7r 
and A are understood, we write or "@", respectively, instead of "©?/'• 

Given E, F and n as above, we define a flipped internal tensor product F n QE as follows. 
We equip the algebraic tensor product F E with the structure maps (£ rj\£' r/) := 
(Cl 7r (( 7 7l 7 ?'})?')i (C © v)b : ~ £,° © *7> and by factoring out the null-space of the semi-norm 
C l— * IKCIOII an d taking completion, we obtain a C*-B-module F n ©E. This is the closed 
linear span of elements £ © rj, where 77 G E and £ G F are arbitrary, and (£ © r?|£' © 77') = 
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{£\n({vW))0 and (£ ©v)b = & © 77 for all 77,77' G G F, and b e B. As above, 

we write "a©" or simply "©" instead of 'V©" if the representation tt or both ir and A are 
understood, respectively. 

Evidently, the usual and the flipped internal tensor product are related by a unitary map 
E:F©F-^F@F, 17 17. 

We shall frequently use the following result [3l Proposition 1.34]: 

Proposition 1.1. Let E\,E^ be C* -modules over A, let Fx, F2 be C* -modules over B 
with representations 7T,: A — > £_g(F 4 ) (i — 1,2), and let S G £a(Ei, E2), T G Cb(Fx,F<2) 
such that Tni(a) = n2(a)T for all a £ A. Then there exists a unique operator S © T G 
Cb(Ei © Fl,F 2 © F 2 ) sucA ifto* (5 © r)(?7 ©£) = Sri©T£ for all 77 G £1 and £ G Fi. 
Moreover, (5 © T)* = S* © T* . □ 

We shall frequently consider the following kind of C*-modules: Let H and K be Hilbert 
spaces. We call a subset Y C C(H,K) a concrete C* -module if [ITT] =Y. If T is such a 
concrete C*-module, then evidently V* is a concrete C*-module as well, the space B :— [r*r] 
is a C*-algebra, and T is a full right C*-module over B with respect to the inner product 
given by (CIO = C*C for all CC'gT. 

Lemma 1.2. Let H, K and L be Hilbert spaces and A C C{H,K) and V C C(K,L) 
be concrete C* -modules such that [r*FA] C A. Then [rA] C C{H,L) is a concrete C* - 
module, and there exists an isomorphism of right C* -modules r@^ r „ r j A = [rA] , j®S t—> j5. 

We shall be primarily interested in the case where H = K and A C C(H) is a C*-algebra. 



2 The C*-relative tensor product 

The construction of a (C*-)relative tensor product of Hilbert spaces is needed for the defini- 
tion of (C*-)pseudo-multiplicative unitaries and almost everywhere in the theory of locally 
compact quantum groupoids. 

In the setting of von Neumann algebras, the relative tensor product is constructed as 
follows. Given a Hilbert space K with a (normal, faithful, nondegenerate) antirepresentation 
of a von Neumann algebra N equipped with a (normal, faithful, semifinite) weight u, one de- 
fines a subspace D(K; v) C K of bounded elements and an iV-valued inner product ( ■ | ■ }„ on 
D(K; v). Given another Hilbert space H with a normal faithful nondegenerate representa- 
tion of TV, one defines the relative tensor product K to be the completion of the algebraic 

tensor product H&D(K; v° p ) with respect to the inner product (rjQ^rjQ^ 1 ) = (^KCIC')^ 7 ?')- 

This construction is symmetric in the sense that one can equivalently define Hd§K as the 

i> 

completion of an algebraic tensor product D(H; v) K, where D(H; v) C H is a subspace 
equipped with an 7V op -valued inner product. 

In this section, we formalize a C*-algebraic analogue of this construction. It seems 
that in the setting of C*-algebras, the analogues of the spaces D(K, v~) and D(H; u op ) can 
not be reconstructed from an (anti) representation of a C*-algebra equipped with a weight 



alone, but need to be given explicitly in the form of C*-factorizations (Subsection 2.1l 



The definition of the C*-relative tensor product is then straightforward (Subsection 2.2 1 



and essentially coincides with the relative tensor product in the setting of von Neumann 



algebras (Subsection 2.3 1 



2.1 C*-bases and C*-factorizations 

To define a C*-algebraic analogue of the relative tensor product H®K described above, we 
replace 

• the von Neumann algebra N and the weight v by a C*-base e (Definition |2.1| and 



Example 2.2 1, and 
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the (anti)representations of N on H and K by C*-(anti)factorizations of H and K 



(Definition 2.31 relative to e. 

Definition 2.1. A C*-base is a triple (23, .fj, 23*), shortly written Qjfj^t, consisting of a 
Htlbert space 9) and two commuting nondegenerate C* -algebras 23, 23^ C £.($)). 

Two C* -bases ®f)<gt an d z&tf are equivalent if £ = Ad[/(23) and = Ady(2}t) /or 
some unitary U : S) — > 

Every proper KMS-weight on a C*-algebra gives rise to a C*-base: 

Example 2.2. Let B be a C**-algebra with a proper KMS-weight y,. As usual, we put 
0t M := {b £ B \ fi(b*b) < cxj} and denote by (ii M , A M ,7r M ) a GNS-construction for ^t, i.e., ii M 
is a Hilbert space, A M : 0T M — ► ii M is a linear map with dense image and 7r M : £> — * £(ii M ) 
is a representation such that (A M (6)|A M (6')) = [i(b*b') and 7r (J (c)A /J (6') = A (J (c6') for all 
b, b' £ 91^ and c £ B. Moreover, we denote by J M : ii,, — > the modular conjuga- 
tion, which is a conjugate-linear isometric isomorphism. Then the C*-algebras 7r M (_B) and 
J l j,'K l j - (B)J tl commute and the triple (H^, 7r M (B), J p 7r M (S) J M ) is a C*-base. The opposite 
C*-base is equivalent to the C*-base associated to the opposite weight [s° p on B° p , given by 
y op {(b op yb op ) = M (6&*) for all b e B. Indeed, y° v is a proper KMS-weight, 9V* = (^m)° p , 
and the triple (H^op , A M o P , 7r M °i> ) given by 

H^op ■— Hp, A M o P (6 op ) := J M A M (6*), 7t m op(c° p ) = J^fiic^Jft 

for all 6 £ 9T£ and c £ B is a GNS-construction for fi op . In particular, ir fl op(B op ) — 
J ti ir ll {B)J ll , and replacing fi by /i° p , we find 7T M (-B) = J M °p7r M o P (B op ) J M ° P . 

Definition 2.3. j4 C*-factorization o/ a Hilbert space H with respect to a C* -base (gii^t 
is a closed subspace a C £(9),H) satisfying [a* a] = 23, [a23] = a, and = H. We 

denote the set of all C* -factorizations of a Hilbert space H with respect to a C* -base gsiOtgt 
by C*-fact(ii; as-ft^t)- 

Let a be a C*-factorization of a Hilbert space H with respect to a C*-base <b £)<gt- Then 
a is a concrete C*-module and a full right C*-module over 23 with respect to the inner 
product := Moreover, there exists a unitary 

a©f>^*H, £©c^£C- (1) 

From now on, we shall identify a® f) with ii as above without further notice. 
By Proposition 1 1.1 1 there exists a unique representation 

p a : 23 1 " -*C(a©Sj) =C(H) 

such that for all 6 f £ 23 1 " and £ £ a, ( £ f), 

p«(6 t )(C © = C © 6 f C or : equivalents, p Q (6 t )CC = f^C 

Clearly, this representation is nondegenerate and faithful. 

Let if be a Hilbert space. Then each unitary V : ii — > K induces a map 

V, : C*-fact(ii; <b fjtgt) — ► C*-fact(A"; asS^t); a i— ► Va. 

Let j3 be a C*-factorization of if with respect to asfjigt- We put 

C(H a ,K ) := {T £ C{H,K)\Ta C /?, T*/3 C a}. 

Evidently, L(H a ,Kfi)* = £(K ,H a ). Let T £ C{H a ,Kp). Then the map 
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is an adjointable operator of C*-modules with adjoint (T a )* — (T*)p. With respect to the 
isomorphism a © fj = H, we have T = T a © idf, and 

Tp Q (6 t ) = (T a @id„){id a @b ] ) = (id^©6 t )(T a @idi 5 ) = p^(6 t )T (2) 

for all b f £B f . 

We shall consider Hilbert spaces equipped with several C*-factorizations that are com- 
patible in the following sense: 

Definition 2.4. Let a be a C* -factorization of a Hilbert space H with respect to a C* -base 
jB^<8t> anal c-^ct be another C* -base. We call a C* -factorization /3 G C*-fact(iif; e-Rgt) 
compatible with a, written a _L [3, if [p a (^)0j — [3 and [p/3(£ t )a] = a, and put 

C*-fact(ff a ;e^ E t) := {P G C*-fact(H; c^ et ) j a _L /3}. 

Example 2.5. If gjfjfgt is a C*-base, then 

23 G C*-fact(J5; <8-£><8t), P» =id<8ti 23 f G C*-fact(^; ^t-f)®), Past = idaj , 

and hence 23 _L 23 . 

Remark 2.6. Let H, as-fiast; e-^et an d a, /3 be as in Definition |2.4| If a _L j3, then 
p Q (23 t ) C pp(£ r ) C -C(-ffa), and Equation Q implies that p a (23 f ) and p/s^ 1 ") 

commute. 

2.2 Definition and basic properties 

Assume that we are given the following data: 

Hilbert spaces H,K, a C*-base ^i^t, and 
C*-factorizations a G C*-fact(i?; SB-fi^t); P G C*-fact(_H r ; B t-ft») 

Then we can form the internal tensor product 

H a ®pK :=a©fi©(3, 

ft 

and the isomorphism induces isomorphisms 

a© PB K^H a ^ K^H Pcc ep, ^©vC = ^©C©V = ^C©V- (4) 
D 

From now on, we shall use these isomorphisms without further mentioning. 

The definition of H a d§pK is functorial in the following sense. Let L, M be Hilbert 

Si 

spaces, 7 G C*-fact(L; as-ft-st), 5 G C*-fact(M; B t^»), and S G C(H,L), T G C(K,M). We 
define an operator 

S®T£ £(H a ® K, L 7 © 5 M) 
ft ft ft 

in the following cases, using Proposition 1 1 . 1 1 and the isomorphisms Q: 

i) If 5 G £{H a ,L^) and Tp /3 (6) = p«(fe)T for all b G 93, we put S ® T = 5 Q © T G 

ft 

£(q © P(3 ^, 7 © Pi Af). 

ii) If T G £(^/3, Ms) and 5p«(6 f ) = p 7 (& t )5 for all b 1 " G 23*, we put S ® T = S © Tp G 
C(H Pa ©P,L p ©M). 
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If S e C(H a ,Lj) and T G C(Kp,Ms), we get S © T = S a © id^ ©7> in both cases. In the 

Si 

special case where S = idn or T = idit, we abbreviate 

Shi := S © id: H a ®aK — ► L^®nK, 
T I2] := id©T: H a <g)(,K -> H a ® s M. 

Sj fj t 

Given C**-algebras C, D and *-homomorphisms p: C — > p a (93^)' C C(H), a: D — > 
P/3(<8)' C £(if), we put 

pp.] : C — > C{H a ®pK), c h-> p(c)pj = p(c) © id/3, 

<j[2] : -D — ► £(H a ®pK), d i-> cr(d)[2] = id a @a(d). 
u 

Combining the leg notation and the ket-bra notation, we define for each £ G a and n & f3 
two pairs of adjoint operators 

1 77} [2] : H -> H a (g) P K, C^C©»7, (v\[2] ■■= \v)*2]- C © P a ((vW))C- 

We put |a)p] := {|0[i] | £ G Q l and similarly define (a|pj, |/3) [2] , (/3| [2] . 

Proposition 2.7. Let H, K, <s $)<Bt, a , P be as in and let e&ct, m^at be C* -bases. Then 
there exist compatibility-preserving maps 

C*-fact(# a ; cftj-t) -> C*-fact(-H a ® 1 a.K"; c^ £ t), 7 7 < /3 := [|/3}[2]7], 

C*-fact(7f/3; n£j,t) — + C*-fact(i/ a ©/3ii'; D£j,t), <5 >— > a > 5 := [|a)p]<5], 

■ft 

For ai/ 7 G C*-fact(J/ a ; £^ £ t) <5 G C* -fact(A"/3; D-Cjit), 

P(7</3) = (p-y)[l]j P(a>J) = (Pi)p], 7 « /3 _L a > 0". 

Proof. Let 7 G C'-fact^; c ^ £ t)- Then 7 < /3 = [|/3)[ 2 ]7] C C(Sl,H a ®f)K) is a C*- 
factorization of H a ®f)K with respect to because 

[7*</%]l/%]7] = [7*P/s(®)7] = [7*7] =C, 
[|/3) [2]T C] = [|/3>p]7] , [|/3>[2]7£] = [l/3)[2]-ff] = Fa«»/jif. 

The relation P( 7 </3) = G*y)p] is evident. If 7' G C*-fact(i? a ; c-^ct) and 7' _L 7, then 7' < j3 _L 
7 < /3 because 

foWOl/W] = [(ArJw^JI^MTl = [\P)mP-y^W] = [l/Wl 

and similarly [p (7 / < / 3) (e: t )|/3) [ 2]7] = [|/3>[ 2 ]t] • 

Let 5 G C*-fact(7f/3; i)£j,t)- Similar arguments as above show that at>5 G G*-ia,ct(H a l SipK; D-Cst), 

S 

that P( Q>< s) = (p5)[i] j and that the map 5' i— > a t> 5' preserves compatibility. Finally, 
7 < /3 _L a < S because 

[p^i^a)^] = [OhMUMwS] = [|p T (£ t )a)p ] 5] = [^8] 

and similarly [p( a> s)(.&)\P)[2]i\ = [|j9)[2]T] • n 
Evidently, the relative tensor product is symmetric in the following sense: 
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Proposition 2.8. Let H, K, <^fj^\,a, j3 be as in (|3p . There exists a unitary 

S ft 

For each C* -base e^t and all 7 G C*-fact(i/ a ; c-ftjt), <5 G C*-fact(Jf ; g; c^jt), 

E»(7</3) = / 3>7, E.(a><5) = o"<a. □ 

The space i} together with the C*-factorizations 23 or 93 , respectively, is a left or right 
unit for the relative tensor product: 

Proposition 2.9. Let H, K,<s?)<s \,ct, (3 be as in (|3|. There exist unitaries 
ft ft 

For each C* -base e-ftet and all 7 G C*-fact(i/ Q ; cft^t)? 5 G C*-fact(_R'^; e.ft e t)> 

$,(93* </3) = /3, $*(53i><5) = <5, **(a>93) = a, #»( 7 < Q3 t ) = 7. 

Proof. $ and are obtained by combining |TJ and Q. The formulas for $„ hold because 
$,(03^^) = [$!/3) [2] 23 t ] = [/323 1 "] = (3 and $,(23 > J) = [#|S8) [a] 5] = [pp(%i)6] = 5; the 
formulas for follow similarly. □ 

The relative tensor product is functorial in the following sense: 

Proposition 2.10. Let H, _K", <8fj<gt, «, (3 be as in pi, c A £ t a C* -base, and 7 6 C* -fact (.Ha; c-8 £ t) 
5 G C*-fact(A" /3 ; e ^ ct )- Z7ien 

S® T G C((H a ®pK)^ <p ) /or o« 5 G p a {&)' n £(H 7 ), T G 

S <g> T G rf^g^)^) /or a// S G £(H„), T G p^(3S)' 

Proof. We only prove the first inclusion; the second one follows similarly. For all 5 G 
p a (Q3 t )'n£(// 7 )andrG/:( J ft' /3 ),wehave(S®r)(7</3)= [\T B 0\ [2] S^\ C [|/3> [2]7 ] = 7 <l/3 

and similarly (5 ® T)* (7 < /3) C 7 < /3. □ 

The relative tensor product is associative in the following sense: 

Proposition 2.11. Let H,K,L be Hilbert spaces, s^cgt, e-^ct, »£s>t C* -bases, and a G 
C*-fact(H ; 2jfi<gt), /3 G C* -fact(if ; ,gt£)<8 ), 7 G C* -fact (if; e^ £ t)? <5 G C*-fact(L; £ t-£c) swc/i 
t/iat /3 _L 7. Then there exists an isomorphism 

9: {H a ® K) a> ^® 5 L^> {a© pg K) p QS 
ft r 1 11 

— > a @ P(3 if P7 © 5 

ana! O, 15 given by 

(e < /3) < 5 h- > e < (/3 < <5) /or a// e G C*-fact(H a ; n£ B t), 

(a<e)<inao(e< 5)/ or aiZ e G C*-fact(if ; m£j)t) s -*- /? 1 £ 1 7, 

(a > 7) > e 1— > a > (7 > e) /or all e G C*-fact(L^; sj£st)' d 
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2.3 Relation to the relative tensor product 

Let H, K, as-fjtgt, a, /3 be as in |3f. If as i5<3 1 arises from a proper KMS- weight p, on a C* 



algebra B as in Example 



2.2 



then H a ®pK can be identified with a von Neumann-algebraic 

Si 

relative tensor product as follows. 

We use the same notation as in Example |2.2| The proper KMS-weight p, extends to a 
normal semifinite faithful weight jl on the von Neumann algebra TV := 23", and the maps 
A^ and extend uniquely to maps Ap, and ftp. such that (-ff M , Ap, 717} ) becomes a GNS- 
construction for jl. As in the case of C*-algebras, we obtain from this GNS-construction 
and the modular conjugation J M = Jp a GNS-construction (H^, Apo P , ivp°p) for the opposite 
weight jj° p onr p . 

Since irp<ip(N op ) commutes with 23 = 7r M (73) and irp(N) commutes with 23 ^ = 7t m op (B op ), 
respectively, we can extend p a and pp to representations 

p a : N op C(a ©S))^ C(H), p s : N C(f3 © S)) = C(K), 

y h-> id a @7Tpop (2/° p ) , £C h-> idg ©^m ( x ) • 

Lemma 2.12. The representations p a and pp are faithful, nondegenerate, and normal. 

Proof. We only prove the assertions concerning p a . This representation is faithful and 
nondegenerate because 23 is nondegenerate. Let us show that p a is normal. Every normal 
linear functional on C{H) can be approximated in norm by functionals of the form ui = 
(£77! • £'?/}, where G a and £, f' G f). Therefore, it suffices to show that for each such 
w, the composition lo o p a is normal. But this holds because (u) o p a ){x) = (£r/|p Q (x)^'n') — 
(£v\£'xv') = (£'*£»?N') for all x G TV. □ 

The definition of the von-Neumann-algebraic relative tensor product involves the sub- 
space 

D{H- Pa -p op ) := {( e H \JC > OVy G : HM2/KII < C||A A o P (y)||}. 

Evidently, an element £ G belongs to D(Hp a ; /x op ) if and only if the map Apo P (y\p°p ) — > H 
given by Apo P (y) >—> p&(y)( extends to a bounded linear map A(C) : Hp — > i/. 
Lemma 2.13. aA.^(«Tt A ) C D(Hp a ;p op ) and L(£Ap (x)) = fr^x) /or all £ e a and x G 

Proof. By Tomita-Takesaki theory, 7r Al (a;)Apop (y) = 717;°? (j/)A^(x) for all a; G OT/j and y G 
Ol/iop. Consequently, 

^7r M (a;)A/ i op(y) = fn^o* (y)A^(a:) = p&(y)£Ap(x) for all £ G a, x G 9V 

The claims follow. □ 

Recall that the relative tensor product Hp a (&ppK of H and K with respect to the 

representations p a , pg and the weight ji is the Hilbert space obtained from the algebraic 
tensor product D(Hp a ; jl op ) K and the sesquilinear form given by 

(C©w|C'0a/> : = (u>\fa(L{Q'L{£))u') 

for all C,C' G D(Hp a -jl op ) and w,w' G A'. For all ( G D{Hp a ;ji op ) and uo G A", we denote 
the image of £ in Hp a ®p^K by 

Proposition 2.14. There exists a unique unitary 

Bp a ®p ? K -> H Pa QP ^ H a ®pK = a @ P(3 A 

$(0®J7<) = L(0)C © J? for all 6 £D{Hp a ;jl op ),r, (5) 

$(£A M (:c)(8>u>) = £7r M (:c) @ oj for all £ a, x lo e K. (6) 
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Proof. Uniqueness follows from the relation [flfj] = K and |5}. Existence of a unitary $ 
satisfying |5| follows from the relation 

= {L(0)C©r ) \L(9')C'©v') (H/iaSS y 

valid for all 9, 9' G D{Hp a ; (i op ), r), r{ G /3, C, C' G #m> and fr om the relation [L(D(Hp a ; 
If. Formula |6| follows from the calculation 

$(£A„(a:)i§>?7C) = L(£A M (z))C © r? = f7r M (x)C © = © rjC- □ 



3 The spatial fiber product of C*-algebras 

In this section, we introduce a spatial fiber product of C*-algebras using the C*-relative 
tensor product discussed above. More precisely, assume that H, K, B-ftsgt, a , P are as in 
(J3j , so that we can form the C*-relative tensor product H a ®pK. Moreover, assume that 

A C C(H) and B C C{K) are C*-subalgebras satisfying [Ap„(23 t )] C 4 and [B^(<8)] C B. 
Then the spatial fiber product of A and B relative to a,/3, <s$j<si will be a C*-algebra 

A a *@B := Ind| Q) (B) n Ind,^ (A) C C{H a ®pK), 

where Indi^)^. (B) and Ind|^) [2] (A) are obtained by "inducing up" B and A, respectively, in 
a sense explained in Subsection |3.1| 

Like the C*-relative tensor product, the fiber product of C*-algebras is an analogue of a 
classical construction in the setting of von Neumann algebras. 

Our spatial fiber product of C*-algebras lacks several desirable properties, e.g., asso- 
ciativity, and raises several natural questions that we can not answer yet. Nevertheless, it 
serves our main purpose — to describe the target of the comultiplication of a (concrete) 
Hopf C*-bimodule, in particular for the legs of a regular C*-pseudo-multiplicative unitary. 
Most importantly, the construction is functorial with respect to a natural class of morphisms 
and "sufficiently associative" so that we can formulate a coassociativity condition for the 
comultiplication of a (concrete) Hopf C*-bimodule. 



3.1 Induction of C*-algebras via C*-modules 

Let H and K be Hilbert spaces, Y C C{H,K) a concrete C*-module satisfying \TH] = K, 
and put 03 := [rT] C C(H) and £ := [IT*] C C(K). 

Let A C C(H) be a nondegenerate C*-algebra satisfying L4Q3] C A. Put 

Indr(A) := {T G C{K) \ TV, T*T C [FA]} C C{K). 

Evidently, Indr(A) is a C*-subalgebra of C(K). Equivalently, this C*-algebra can be de- 
scribed as follows. Since [95-A] C A, we can form the internal tensor product F @ A. For 
each 7 G F, define |7> [1] G C A (A,T @ A) by a h-> 7 @ a, and put |r)[i] := {|t)[x] It G F} C 
Ca{A,T©A). Finally, let 

Indr (A)' := {T G Ca(F @ A) j T|r> p] ,T*\T) w C [|r> (1] A] } . 

Since [rAff] = K, we have an isomorphism r @ A © H — + K given by 7 @ a @ C, >— » 70^. 
Using this isomorphism, we define an embedding 

<,: £ A (r@ A) — > £(r © A © if) = £(JQ, Th-^TQidH ee t(T). 

Lemma 3.1. t restricts to a * -isomorphism Indr(^l)' — * Indr(^4). 
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Proof. Clearly, l defines an embedding Indr(A)' — > Indr(A). We show that this embedding 
is surjective. Let T G Indr(A). Since r © A embeds into C(H, K) via 7 © a t—> 7a and since 
TV A C [FA] , left multiplication by T on [FA] corresponds to a map f:F©A^FQA. 
One easily verifies f G Ind r (A)' and t(f) = T. □ 

Let us give two more equivalent descriptions of the C*-algebra Indr(A). Denote by rr 
the locally convex topology on C(K) induced by the family of semi-norms [T 1— > ||2 1 7||) gr 
and \T t— > ||T*7||) . Given a subset X C C(K), denote by [X] r the rr-closed linear span 
oiX. 

Lemma 3.2. For every bounded approximate unit (ui)i of the C -algebra £ and every 
T G Indr(A), the net (inTm). converges to T w.r.t. rr. 

Proof. Let and T as above and 7 G F. Then 

\\UiTuij-T-yW < (sup||u i ||)||T||||w i 7-7|| - \\UiTj-Tj\\ 

i 

for all i, and using T7 C [IA] and lirrii Ui'j' = 7' for all 7' G F, we conclude lim; WuiTuij — 
T'yW = 0. Similarly, lim; ||u*T*u*7 — T*7|| =0. □ 

Lemma 3.3. Ind r (A) = [rAr*] r . 

Proof. "C": Let T G Indr(A). Choose an approximate unit (itj), for £ and put Ti := UiTui 
for each i. Then (Ti)i converges to T w.r.t. rr, and Ti G [lT*TiT*] C [iTTAr*] = [rAr*] 
for all i. Hence, T G [rAT*] r . 

"D": If T G [lAr*] r , thenTr C [rAFT] = [TAS5] C [FA] and similaxly T*T C [FA], 
whence T G Indr {A) . ------ ^ 

Lemma 3.4. Indr (A) = {T G Ind r (£(H)) | r*7T C A}. 

Proof. Clearly, Indr (A) C Ind r (£(#)). Let T G Indr (£(#)) such that T*Tr C A. Choose 
an approximate unit (ui)i for £. Then for each 7 G F, the net (iiiTj) . converges in norm 
to T7, and hence TF C [rT*7T] = [TA] . Similarly, one shows that TT C [rA] . Hence, 
TGlndr(A). " □ 

3.2 Definition and basic properties 

Throughout this paragraph, let <g.fi eg t be a C*-base. We adopt the following terminology: 

Definition 3.5. Let H be a Hilbert space, a G C*-fact(ff; B^<gt), an d A C C(H) a C* - 
algebra. We call A an a-module and the triple (H,A,a) a concrete C'-^fjcgt-a-lgebra if 
p a (?8')A C A. If A is nondegenerate, we call (H,A,a) nondegenerate. We put 

C*-fact(A; gjfj^t) — {P S C* -fact (-ff; !8 t) I ^ is an /3-module} 

and, if a G C*-fact(A; <s^<8t) e-^et is a second C -base, 

C*-fact(A„; e £ £t ) := {/3 G C* -fact (A; as^t) I -L «}• 

If a £ C*-fact(A; <8^)3jt) /3 S C*-fact(A Q ; c^ c t) ('and A is nondegenerate), we call 
(H, A, a, (3) a (nondegenerate) concrete C'-as-ficgt-c-Sct-algebra. 

We define the fiber product of a concrete C* - 23 f) ^-algebra (H,A,a) and a concrete 
G*-tsfSj<s -algebra {K,B,j3) by inducing A and _B to C*-algebras on H a ®pK, using the 

subspaces 

|/3) [i] CC(H,H a ®f}K) and |a) W C C{K,H a ® K), 
respectively, which were defined in Subsection |2.2| 
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Definition 3.6. The fiber product of a concrete C* -si^t -algebra (H, A, a) and a concrete 
C* -< 8 t-ft < 8 -algebra (K,B,/3) is the C* -algebra 

A a */3B := Ind| a)[1] (B) n lnd w)[2] (A) C C(H a ®f>K). 

Unfortunately, we can not yet answer the following important question: 
Question 3.7. When is A a *pB C C(H a ®pK) nondegenerate? 

Note that if (A,H,a) is a concrete C'-afj^t-algebra, then A' C p a (^8')'. 

Lemma 3.8. Let (H,A,a) be a concrete C* -<Bf)<%^-algebra and (K,B,/3) a concrete C* - 
B t-ft<8 -algebra. Then (A' ® id) + (id®B') C (A a *aB)'. 

55 55 53 

Proo/. Let T £ A a *0B and SeA'. Then for each 7/6/9, 

55 

T{S ®id)|r/> [2] =T|r7) [2] 5= |»7)[ 2] T(5® id) 

55 55 

because T|r/}[2] 6 [1/3) [2] ^4] ■ Hence, T(S ® id) = (5 <8> id)T. A similar argument shows that 

55 55 

T(id®i?) = (id®J?)T for all R £ B' . □ 

55 55 

Lemma 3.9. Let (H, A, a) be a concrete C* -vsS)^\-algebra, (K,B,/3) a concrete C* -< B ff)<s - 
algebra, and t&tf a C* -base. Then 

7 < P £ C*-fact(A a * pB; £^ c t) for each 7 6 C*-fact(^4 a ; 
55 

q > 8 £ C*-fact(A a *pB; <rR € f) for each S £ C*-fact(B/3; cft e t)' 
55 

Proof. We only prove the first assertion, the second one follows similarly: 

P(rws)( ct )(A»*(»B)|a>[i] C [frtffaWwB] 

= [\p^)a}[i]B] C [|a> m B], 

P(7<«(C t )(4a*/3 J B)| / 9> I 2] C [^(C^djI^pjA] 

= [l^pj^C^A] C [\/3} [2] A]. □ 

The fiber product introduced above seems to fail to be associative and to behave like the 
functor that associates to two C*-algebras A, B the multiplier algebra M(A Cg> B) instead 
of the tensor product A ® B. 

More precisely, let Qjij^ t, £-&ct be C*-bases, (H, A, a) a concrete C*-<B^<gt-algebra, 
(K, B, /?, 7) a concrete C*- B t-^»-c-ft£t-algebra, and (L,C,8) a concrete C*-, £ t-S£-algebra. 

Then we can form the fiber products A a *pB and B 7 *^C, and by Lemma 3.9 also the 

55 j? 

following iterated fiber products: 

(A a * f3 B) a> - l * s C and A a * g<s(B~* 5 C). 

55 5? 55 Si 

We expect that these C*-algebras are not identified by the canonical isomorphism 

(H a <gif3K) aC> y<gisL ^ H a (3p < 8(K~ l ®sL) 
55 Si Si Si 

of Proposition |2.11| 

Remark 3.10. Assume that we are given some n > 1 and 
• C*-bases <8 1 i5 1 ! 8l t, • • • , B„i5n® n t> 
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• a concrete C*-as 1 fji< 8i t-algebra (Hi,Ai,ai), 

• concrete C*- !8i _ i t-fti-i< Bl _ l -!8 i ^iB i t-algebras (Hi, At, /3j-i, on) for i = 2, . . . , n, 

• a concrete C*- Bnt ^njB n -algebra (H n+1 , A n+1 , (3 n ). 

By Propositior |2.11| we can form an iterated C*-relative tensor product 

(Hi) ai ® p x ■ ■ ■ an ® p n (H n +i), (7) 
»i fi„ 

and by Lemma |3.9[ we can form form various iterated fiber products like 

(• ■ • (A\ * A 2 ) * A3) *•••)* A n +1, Ai * (• • • * (An-! * (A n * A n+1 ) ■ ■ ■), 

which can be identified with C*-algebras on the Hilbert space (f7j> . Here, all possible ways 
(that we want to consider) of forming an iterated fiber product correspond bijectively to all 
possible ways of completely bracketing a product consisting of n + 1 factors or, equivalently, 
with all binary trees with n + 1 leaves. We denote by 

(Ai) ai * ft. • • ■«„ * @ n (A n+ i) C £((Hi) ai ® fj 1 ■ ■ ■ an <8 p n (H n +l)) 
fll -fin Si Sn 

the intersection of all C*-algebras obtained by iterating the fiber product construction in 
the ways described above. 

3.3 Functoriality 

We shall see that the fiber product is functorial with respect to the following class morphisms: 

Definition 3.11. Let ;gf)<gt be a C* -base and (H,A,a), (K,B,P) concrete C* -ss^st- 
algebras. A morphism from (H,A,a) to (K,B,0) is a *-homomorphism n: A — > B sat- 
isfying the following conditions: 

i) 7r(ap Q (b t )) = ir(a)pp(b t ) for all a G A and b f g 93 f , 

ii) /3 = [C n (Hc,, Kp)a] } where 

C(H a ,Kp) := {V G C(H a ,Kp)\Va G A : n(a)V = Va}. 

We denote the set of all morphisms from (H, A, a) to (K, B,f3) by Mor (A a , Bp). 

Remark 3.12. Let <8fj<gt be a C*-base and 7r a morphism of concrete C'-sgi^st-algebras 
(H, A, a) and (K, B,/3). Then 

K= [pSi] = #0)08] = \£* (H a ,Kp)H\, 

and if A C C(H) is nondegenerate, then also tt(A) C C(K) is nondegenerate because 

[ 1 r(A)K] = [*(A)£,"{H t ,,Kp)H] 

= [£"(H a ,Kp)AH\ = [C*<JI a ,Kp)H\ = K. 

For each C*-base s^lsgt, the class of all concrete C**-aj^<gt-algebras together with the 
morphisms defined above evidently forms a category. 

Proposition 3.13. Let si^sgt be a C* -base and 

• 4> a morphism of nondegenerate concrete C* -tgfyrgi- algebras (H,A,a) and (L,f,C), 

• tj) a morphism of nondegenerate concrete C* -<gt-£lsB -algebras (K,B,f3) and (M,S,D). 
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Then there exists a unique *-homomorphism 



such that 



> * ip : A a * gB — > C 7 * sD 
s> si 



<*tp)(T) -(X®Y) = {X®Y)-T 

f) Si 



(9) 



whenever T G A a *gB and one of the following conditions holds: i) X G ^(HjL) and 

si 

Y G C^(Kg, Ds) or it) X G C^(H a , L 7 ) andY £ {K,D). 

Proof. Uniqueness follows from the fact that elements of the form (X <g> Y)u>, where uj G 

s> 

H a ®gK and X and Y are as above are linearly dense in L 7 <8)fM by condition ii) in Defi- 

Si f> 

nition 13.111 

To prove existence, we first consider the special case where (K,B,{3) = (M,5,D) and 
ip — ids, and construct <j> * ids. Then, a similar argument applies to the special case where 
(H, A, a) — (L, 7, C) and (j> — id, and proves the existence of idc Finally, we can put 
<j>* ip := (idc ° (4> * ids). 

Consider the internal tensor product E := A Pa Q/3. This is a C*-module over A, and we 
have isomorphisms of internal tensor products 



H id ©E S H Pa Qf3 3* H a ® g K, 

St 

Moreover, we have *-homomorphisms 

3B ■ C A (E) £{H id ©E) S C{H a ®pK), 

Si 

jl ■ C A (E) -> C(L^QE) C(L^®gK), 

Si 



L^QE ^ L p ^©/3 ^ Lj® K. 

s, 



T i— » id// ©T = j H {T), 
T^id L eT = j L (T). 



Since j'h is injective and j4 a */3-B C Ind^). , (^4) C ji'h(£a(-E)) (Lemma 



3.1 L we can define 



* id: j4 a * gB — * £(L 7 <g> gK) to be the restriction of jx, o j'^ . 

S Si 

Let T G j_ff 1 ( j 4a *gB) and X G £^(11, L). Then the following diagram commutes and 

Si 

shows that (</> * i&){j H {T)) ■ (X <g> id) = (X <g> id) • j'h(T): 



H a ®gK . 

Si 



L 1 ®gK 

Si 



3H (T)=id@T 
#id©£ — ^ i/ id ©£ : 



La,©E 



j L (T)=id<S)T 



H a ®gK 

Si 



La,©E: 



A" Sid 

a 



L-,®gK. 

Si 



Moreover, for each S G A a * gB and V G B' , we have 5"(id®F) = (id®Y")S by Lemma|3~8 

s> a Si 

Summarizing, we find that condition (JoJ) holds. 

Finally, let us show that (</> * id)(A a * gB) C C 1 *gB. Let T G A Q */3_B. Using the 

Si S] Si 

relation 7 = [C^(H, L)a\ , Equation (JoJ , and the relation T|a)[i] C [||a)[i]B], we find 

(0 * id)(T)|7)[!] C [(^*id)(T)|£*(ff,L)o) [1] ] 
= L)@id)T|a> w ] 
C [(£*(fr,L)©id)|a)[i]B] = [|7>[i]B]. 

Another application of Equation (JoJ) shows that * id) (T) |/3) [2 ] = 71/3) [2 ] Q [|/3)[2]^4] • □ 
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Corollary 3.14. Let B-ftojt, (H,A,a), (L,j,C), 4> and (K,B,[3), (M,S,D), ip be as in 
Proposition 



3.13 and let T G A a * B . Then 
8 



(i?|[a](^*id)(T)|i,') M =^((i,| [a] T|»7')[ a] ) for all 77,77' € 0, 

(f|[i](id*^)(T)|0[i]=^(«|[i]T|€')[i]) for all 

Proof. The equations can be deduced from the proof of Proposition |3.13[ but we give an 
alternative proof. Let 77, 77' 6 (3 and X £ {H a , L^. Then 

(77! [3 , (0 * id) (T)|t/) [2] X = (77! [2] (X ® id)T|r ? ') [2] = X{t?| [2] T|t/> [2] 

by (J9j> , and inserting Xa = <j>{a)X for a := (j?|p]T'|'7')p] ^ ^> we nn< ^ 
(77! [2] (0 * id) (T) 1 77') [2] X = 0(<77| [3] T|r/> [3] ) X. 

Since X G /^(tfc, L 7 ) was arbitrary and \C^(H a , L y )a\ — 7, the first equation of the 
corollary follows. The second one follows similarly. □ 

Theorem 3.15. Let <sSj<gi, c-^jt be C* -bases, let 

• 4> be a morphism of nondegenerate concrete C* -<s^)^^-algebras (H,A,a) and (L,7,C), 

• tjj be a morphism of nondegenerate concrete C* -tgtft'B -algebras (K, B, (3) and(M,S,D), 

and assume that A a *pB C C(H a ® pK) is nondegenerate. 
f> 15 

i) If a' G C*-fact( J 4 a ; £ ^ irt ), 1 G C*-fact(C 7 ; e£ e t), G Mar(A a ,,Cy), then 4> * ip G 
Mor ((A a *^B) (a / </3) , (C7 7 *«D)(y <4 )). 

ii} ///3' G C*-fact(B^; l£ ^ £t ), 5' G C* -fact (As; e£ c t), ^ G Mor(B /3 . , D 4 /), f/ien * t/j G 
Mor ((A,*^ 

Proof. We only prove i); assertion ii) follows similarly. 

By Lemma 3.9 (H a (&pK, A a *pB, a' < /3) is a concrete C*-c^ £ t- a lg e bra. 
55 a 

Fix T G A a *pB and c f G 



3.11 



(10) 



We show that <f> * ip satisfies condition i) in Definition 
and let X G L 7 ) F G C*(Kf},M s ). By @, 

(0 * 7/ J )(Tp (Q , <(3) (c t ))(X ® Y) = (X ® Y){Tp {a , <0) {J)) 

S5 a 

= (<^*^)(r)(x®F) P(Q , </3) ( c t ). 

For each a G A, we have p a /(c')o G A and 

Xp Q '(c t )a = 4>[p a i (c )a)X = p 7 '(c t )0(a)X = py(c )Xa 

because (j> G Mor( A a , , Cy ) and X G L 7 ). Since A C C(H) is nondegenerate, we can 

conclude Xp Q ./(c t ) = py ( c')X. Inserting this equation and the relations puy^p) = (Po/)[i]> 
P( 7 '<4) = (p 7 ')[i] into pOfi we nnd 



(0 * <p)(T P(a , <m (J))(x ® y) = (0 * ^)(T)p cy ^ ) ( c t )(x ® y). 

15 55 
Since X G C 4 '{H a ,L 1 ) and y G ^{K^h'h) were arbitrary, we can conclude 
(</> * ^{Tp^^J)) = (0 * i>){T)p { y <fs) {J). 



To show that <f> * ip satisfies condition ii) in Definition 3.11 Let X G Cr (H a t , Ly) 
and y G C^(Kp, Ms). Then a similar argument as above shows that Xp a (& ) = p 7 (6 ) 
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for all b ] G 93 1 ", so that X ® Y G C{H a ®i 3 K,L 1 ® s M) is well-defined. By Equation (|9|). 

a J5 « L - r 

since 



(X ® F)|/3) [2] a' = |Y/3) [2] (Xa') C |<5} [2]7 ' C 7' < 8, 



(11) 



X ® y G C^*^ ((H a ®0K) cl i < 3, (L~,®sM)~r <s ). This inclusion, equation ( f f I and the rela- 
55 u il 1 — ' 

tions Lyja'] = 7' and [£*(K ,M s )0\ = 5 imply 

7 '<i<5 = [|<W] = [\C*(K0,M s )l3) l2] £*(H a/ ,L Y )a'] 

C [^((tf^K)^, (L 7 8iM) y<1{ )(a' < /?)] . 



□ 



Definition 3.16. ^4 concrete Hopf C*-bimodule is a fitp/e consisting of a C* -base <s?)<sh a 

nondegenerate concrete C*-^^)^ f<8 t-fjas -algebra (H, A, a, 0), and a *-hornomorphism A : A —> 

A a * a A subject to the following conditions: 
si 

i) A a *pA C C(H a <S> pH) is nondegenerate, 
<5 i5 

ii) A€Uoi(A a ,(A a * A) a>a )nM.ar(Ap,(A a *pA) 0< p) > and 



Hi) the following diagram commutes: 
A 



. A a *pA 
Si 



A a *f3 <l3 (A a *j3A) 



A a id * A > (A Q * /3 A) Q[>Q * a Ac^. C{H a * f3 H ol * P H). 

f} fj Si St Si 



Remark 3.17. If (®^ B tj H, a,/3, A) is a concrete Hopf C*-bimodule, then (A * id)(A(A)) 
and (id *A)(A(A)) are contained in A a * pA a * @A (see Remark 

one can define a *-homomorphism 



3.10 1, and for each n > 2, 



v (n) . 



,4 -> A 



a *B ■ ■ ■ a *B 



+ factors 



.1 



by iterated applications of A, where the precise way in which the applications of A are 
iterated does not matter. Note that for each n > 2, all those possible ways correspond 
bijectively to all binary trees that have n + 1 leaves. 



4 C*-pseudo-multiplicative unitaries 

In this section, we introduce C -pseudo-multiplicative unitaries and explain their relation 
to several other generalizations of multiplicative unitaries. Following the treatment of mul- 
tiplicative unitaries given by Baaj and Skandalis PQ, we define the legs of such a C*-pseudo- 
multiplicative unitary and show that under a suitable regularity condition, these legs form 
concrete Hopf C*-bimodules. Throughout, we apply the concepts and techniques developed 
in the preceding sections. 
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4.1 Definition 



Recall that a multiplicative unitary [TJ Definition 1.1] on a Hilbert space H is a unitary 
V : H (g> H — > H ® H that satisfies the so-called pentagon equation V12V13V23 = V23V12. 
Here, V12, V13, V23 are operators on H ® H ® H, defined by V12 = V ® id, V23 = id®V, 
V13 = (E ® id)l/ 2 3(S ® id) = (id®E)Vi 2 (id®E), where E G B(H <g> ff) denotes the flip 
T) <8> £ l— * £ ® 1)- We extend this concept, replacing the ordinary tensor product of Hilbert 
spaces by the C*-relative tensor product as follows. 
Let H be a Hilbert space, asfjtgt a C*-base, and 

a G Cr-fact^^t), / 3GC*-&c*(i?; Bt ij») ) /3 G C*-fact(H; Bt 5a) 

pairwise compatible C*-factorizations. 

Lemma 4.1. Let V G C(H g® a H , H a ® pH) and assume that 

sj ft 

V*(a<a)=a>a, V*0>f3) = 0</3, 

V.(J3>P)=a>P, V*{P<a) = p<p. 

Then all operators in the following diagram are well- defined. 



(12) 



H a ® p Hg® a H 
ft ft 



Hg(g) a Hg(g) a H 
'ft ft 



id (giV 




(H a ®pH) (H d ® a H) 
p ft ft p ft « 



id 

S5 



-[23] 



H d ® a Hf3® a H . 
ft ft 



V®id 
15 



'H a ®pH)-s < g® a H 



(13) 



where Eras] denotes the isomorphism 

(H a ®pH)g g ® a H {H Pa ©P) p ©a (H p ©a) Pa<a ©P (Hg® a H) a<a ®pH, 

ft /p P JS 0</3 £ P ft ft 

(C © © »7 ^ (C © »?) © £• 

Proof. This follows easily from the functoriality of the relative tensor product |2.10| for 
example, we have operators 



H r .® a H T .® a H S (Hg® a H) 
1 15 p ft p ft 



fl»®o>(i(ff«®?ff) 



I' Sid 

a 



(H a ®pH) a> g® a H H a ®pHg® a H, 
ft ft ft ft 



id (g>£ 
S5 



H-s® a<a [H i3® a H) = H„® a H fj® a H. 
1 ft ft p ft ft 



□ 



ft ft 

Definition 4.2. £e£ H be a Hilbert space, af)<gt a C* -base, and a G C*-fact(_ff; os-ftst) 

/?, /3 G C*-fact(_ff; (gt-fts) pairwise compatible. A unitary V G C(Hr.® a H,H a ®pH) is C* 

p ft ft 

pseudo-multiplicative i/ Equations (1121) ana! Diagram (1131) commutes. 



Remark 4.3. If V G £.(Hg® a H, H a ®pH) is a C*-pseudo-multiplicative unitary, then also 

p ft ft 

ft ft p ft ft p 



is a C*-pseudo-multiplicative unitary; here, the roles of /3 and /3 get reversed. 



1G 



This definition subsumes the following special cases: 

i) The representations p^ and pp restrict to representations p^ : 23 — > C<s (a) and pp : 23 — > 
C<s (a), and the unitary V restricts to a unitary operator on right C* -modules 

Vol ■ a p ~Qa — > a @ P(3 a (14) 

which is a pseudo-multiplicative unitary on C* -modules in the sense of Timmermann 

ii) If (3 = a, then 23 is commutative by Remark ] 2. 6 1 and the restriction V a is a pseudo- 
multiplicative unitary in the sense of O'uchi [12] . Similarly, if p = a, then V„ p is a 
pseudo- multiplicative unitary in the sense of |12j . 

iii) If a — P = P, then again 23 is commutative, and V a is a continuous field of multiplica- 
tive unitaries in the sense of Blanchard [2] ■ 

iv) Assume that 9si}<8t is the C*-base associated to a proper KMS-weight n on a C*- 
algebra B, that is, 5) = and 23 = tt m (B), 23 f = TYpo P (B op ) (see Example [2~2| . Put 
N := 23" C C(Hp), denote by p the extension of p to a normal semifinite faithful 
weight on N, and denote by p a , p-s, and pp the unique normal extensions of p a , pg, 
and p/3, respectively, to TV or 7V° P (see Subsection 2.3 1. Then we have isomorphisms 

Hz® a H Hp s §)p a H, H a ®pH = Hp 3 ® p a H, 

and with respect to these isomorphisms, V is a pseudo-multiplicative unitary on Hilbert 
spaces in the sense of Vallin [20] . 

4.2 The legs of a C*-pseudo-multiplicative unitary 

To every multiplicative unitary V, Baaj and Skandalis associate two algebras A(V), A(V) 

and two normal *-homomorphisms Ay, Ay such that, under favorable circumstances like 

regularity, (A(V),A V ) and (A(V),A V ) are Hopf C*-algebras [J. 

Their construction carries over to C*-pseudo-multiplicative unitaries as follows. Let 

V £ C(H^® a H, H a <gipH) a pseudo-multiplicative unitary, where H, fB^jtgt, an d a,P,P are 

f> f> 

as in Definition 14.21 



The algebras A(V) and A(V) We define spaces A(V) C £(H) and v4(F) C £(#), 
using the spaces of ket-bra operators |a)[2]> \P)[x] != £(H,Hjj® a H) and (/3|p], £ 



C(H a ®pH,H) introduced in Subsection 

S5 



2.2 



S 



as follows: 



A := A(V) := [</%]V» [2] ] C A := A(V) := [r'VI/%]] C £(#). 

The definition of -A(V) and -A(V) is symmetric in the following sense: 
Lemma 4.4. !(V op ) = A(V)* and A(V op ) = A(V)* . 

Proof. Switching from V to V op , the roles of p and p get reversed, so 

A(V° P ) = [{p\ m SV*X\a} [2] } = [</%,na>[i]] = [r*Vj/3)[i]] * = -A(V)*, 

and similarly A(V op )) = A(V)*. □ 

The spaces -A(V) and A(V) are related to the representations p a , p^, pp as follows: 
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Lemma 4.5. We have 

[Ap d (B)] = [ P g{B)A\ = [Ap a (B° p )] = [ Pa (B° p )A\ = AC£(Hp) 



and 



\App{B)} = [p p (B)A] = [A Pa (B° 



[ Pa (B° p )A] =AC£(H d 



Proof. We only prove the assertions concerning A: Using Equation ( 12 1 and the relations 

[aB] =a = [pf>(B)a] and [p a (B op )(3] =(3= [/3B op ], we find 

[(/3\ [2] V\a) [2] p$(B)) = [(p\ [2] V\aB) 2 ] = A, 
[f>p{BM m V\a) m ] = [{Ph\Ps <p {B)V\a) [2] } 

= [{P\l2\Vpp >f) (B)\a} [2] ] = [{/3\ [2] V\pp(B)a) 2 ] = A, 
[(P\ [2] V\a) [2] p a {B° p )} = [{P\ [2] Vp a<a (B° p )\a) [2] ] 

= [(f3\ l2]Pa>a (B° p )V\a) l2] ] = [{pa^^lpiVl^p]] =1, 
[p Q (B op )(/3| [21 l/|a) [21 ] = [(f3B op \[2]V\a)[ 2 ] = A. 

The inclusion A C C{Hp) follows from the inclusions |a)[2] ^ C(Hp, (Hp® a H)p <a ), V £ 
£((H n ® a H) l3<la ,(H a ®i3H) l 3 <l f,), and {f3\ [2] C C{{H a ®^H)^H p ). □ 

55 55 15 

The spaces A and A are algebras: 
Proposition 4.6. [AA] = A and [AA] = A. 

Proof. We only prove the first equation. The following diagram commutes and shows that 
[AA] = [(^|[2](a| [3 ]Vii 2] |Q> [3] |a)[2]]: 



H 



*}[2] 



|a>[ 2 ] (-D) (^l[2] 



I a) [2] 



(C) 

|a>[2] </?l [3] 



.4 



A 



Ja}[2] (D) </3| [2] 

' 55 55 

A 

0%] 



</%] 



55 



H$® a>a (H a ®pH) V[ri] > (Hg® a H) a<a ®pH V[12] > H a (g) H a (g)pH 

' f] 55 ^ 55 55 55 55 



*)[3] 



^[23] 



1 55 p 55 



(*>) 
V[12] 



V[23] (t 

H a ®f}Hg® a H 

55 P 55 



*l[3] 



Indeed, the cells labeled by (D) commute by definition, cell (C) commutes because 

10 [2] (V\ [2] (C © V) = P<* {*]'*V)C © € = P<*<a (C © e) = <V| [3] 10 [2] (C © »?) (15) 



for all £ £ a, r/, r{ £ /3, £ £ -ff , cell (P) is just Diagram |13[ ), and the remaining cells commute 
because of ( 12 1. 
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The following commutative diagram shows that [(/3| p] {a\ [ 3 ] Vji2] \ce)[3] |a}[2]] = A and 
completes the proof: 



H 



I a) [2] 



H 



l a }[2] 



[2] 



|a>[3] 



[3] 



V 



p 55 p 55 



> H a ® fl H 
55 

i 

H[3] 

55 55 



□ 



The algebras A and A are nondegenerate in the following strong sense: 
Proposition 4.7. [1/3] = /? = [A*0\ and [Afi\ = /? = [A*/3]. 

Proof. We only prove the first equation, the others follow similarly: Since V*(/3<a) = /3</3, 



[A/3] = [{(3\ [2] V\a) m /3] = [(/%]|/?} [2 ]/3] = [ Pa (B° p )f3] = P- 
Corollary 4.8. [AH] = H= [A* H] and [AH] = H= [A*H\. 

The comultiplications Ay and Ay We define maps 

A = Ay: pftffl ^C(H s <& a B), y^V*{l®y)V 

55 55 

and 

A = A v : -> C(H a ®pH), z^->V{z® 1)V*. 

P 55 55 

Proposition 4.9. We have 

A G Mor HMor (p,3pB)~, C{H^ a H)^ 



□ 

□ 



and 



A G Mor ^(Q5)^£(i? a ®^if)^ n Mor ^^(B,,®^). 



Proof. We only prove the assertion concerning A. The intertwining relations ( 12 1 immedi- 
ately imply that for each b G 25 and b' G 25^, 

A(p Q (6 t )) = p a<a (tf), A(p ? )(6) = ^(6), A( P(3 (6)) = p^(6), AQ^)) = /w^). 
We claim that V*|a)[i] C C A (H a , (H^® a H)). Indeed, for each y G pp(%$)' and ^£a, 

S(y)V|0[ii=V*(l®y)VV*|e)[i]= V(l® »)|€>[i] =V|Owy- 

55 55 

Therefore, a<a = V* [|a)[ija] C [£ A (_ff a , (.ff^®a-ff)a<a) Q! ] i an d a similar argument shows 
that P > /3 C [£ A (If sig^ifWa)/^ • The assertion follows. □ 
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4.3 Regularity 

The regularity condition for multiplicative unitaries, introduced by Baaj and Skandalis p] 
and generalized to pseudo-multiplicative unitaries by Enock [3], carries over to C*-pseudo- 
multiplicative unitaries as follows: 

Definition 4.10. Let V S C{H 3<8> a -ff, H a ® aH) a pseudo-multiplicative unitary, where H, 



?8.f)cgt, and a, (3, ft are as in Definition 



12 



H a ®@H is regular if the composition 



A C* -pseudo-multiplicative unitary V : H^® a H 

p S 



H»® a H A H a ®f)H — ^ H 



is equal to [aa*] . 

Remark 4.11. Evidently, V is regular if and only if V op is regular. 

An example of a regular C* -pseudo- multiplicative unitary is given in Section [5] 
We shall show that for a regular C*-pseudo-multiplicative unitary, the associated legs 
form concrete Hopf C*-bimodules. The first step in this direction is the following: 

Proposition 4.12. Let V : H7,® a H —+ H a (gi0H be a regular C -pseudo-multiplicative uni- 

P f) S} 

tary. Then A(V) and A(V) are C* -algebras. 

Proof. We only prove the assertion concerning A = A(V). The following diagram commutes 
and shows that [AA*] = [(a\ [3] (0\ [3] V[I 2] |/3} [3 ]|/3}[2]] : 



1/3) 



1/3) [3] 



H 



X H <*®P H 



S si 1 f, si si 



A* (O) 



H 



[2] 



H 



I «) [2] 



V* 



(f?) 



ft 



l«}[3] 



H n ® a H r ,® a H 
1 f) p u 



V, 



A W 



. ft l[2] 



[231 



Ho® 

' Si Si 



(P) 



V 



V, 



A (/%] '° (a|p] 



H 



[13] 



[12] 



[2] 



</3| 



[3] 



Indeed, the cells labeled by (D) commute by definition, cell (R) commutes because V is 
regular, cell (P) is just Diagram (131, and the remaining cells commute because of (12 1. 
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The following commutative diagram shows that [(a|[2] (P\[3] Vf* 2 ] \P}[3] \P)[2]] = ^* an< l 
completes the proof: 



15 



pa>a(B) 



H 



a 



A* 



H 



[2] 



a a 



V[12] 



</3| [3] % 



□ 



Lemma 4.13. Let V: H^® a H — > HadQpH be a C* -pseudo-multiplicative unitary. Then 
p a a 

A(^4) is egtiaZ to t/ie composition 

H d ® a H |a ^ 3 l H d ® a H d ® a H F ' 13 ' V ' 23 ' ; , (H d ® a H) a<a ® fj H ^' 3 l H d ® a H. 
' a p sj p a p a a p i5 

Proof. This follows from the fact that the following diagram commutes: 

A(l) 



(£>) 

H s ® a H V y H a (S/sH id °®^ , H a ® H 



V* 



I a) [3] 



|a>[3] iP) 



[■'•] 



a 



[3] 



a 



V[13] V[23] 



15 15 
A 



Again, the cells labeled by (D) commute by definition, cell (P) is just Diagram (13 1, and 



the other cells commute because of ( 12 1 



□ 



The main result of this article is the following: 
Theorem 4.14. LetV: H-s® a H — > H a ® pH be a regular C* -pseudo-multiphcative unitary, 

^ P 15 15 

where H, <gfj<gt> a,f3,/3 are as in Definition 4-2 Then 



(^SjfB,H,A(V),/3,a,A) and ( a Si oh A(V),a,p,A) 
are concrete Hopf C* -bimodules. 

Proof. First, we show that A(A) C A^* a A. The following diagram commutes and shows 
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that [A(l)|a} [2] ] = [\a) [2] A\: 



H 



I a) [2] 

I 

Hg® a H 

Si 

l Q )[3] 



I a) [2] 



Hp® a H 



V 



ft 



H a ® H 



H 



' s, p Sj p Si Sj p J5 



I a) [2] 



V ll3 



I a) [2] (O) 



Si Si 
(L) 



A(A) 



Here, cell (D) commutes by definition, cell (C) commutes by a similar calculation as in 1 15 1, 
cell (L) commutes by Lemma 4.13 an the remaining cells commute because of ( 12 1. A similar 
commutative diagram shows that [A( J 4)*j/3}[ 1] ] = [|/3)[x]j4*] . Thus, A(A) C A^* a A. 

Proposition 4.9 and Remark 3.12 imply that A-s* a A C C{H-s® a H) is nondegenerate. 



Moreover, by Proposition WM 



A e Mor (A a , (Ap* a A) a<a ) n Mor [A-s, {A^* a A) a<g ). 



The following commutative diagram shows that (A * id)(A(a)) = (id *A)(A(a)) for each 
a £ A and thus completes the proof: 



Vfi 



V\*\ 



[23] ''[23] 



id® A (3) 



id CS> id <g>a 

S Si 



fj s> 



id CS> id <g>a 



A (a) <g> id 



H a ®fiH a ®t3H . 



Vrl 2 



[23] 



Vn 



{Hg® a H) a < ia ® l 3H 



*> S I23] V [121 * 



yp3] S [23] 



'Si p Sj 



Here, the upper and lower cells commute by ( 13 1, and the other cells commute by definition 
of A or trivially. Hence, 



(A*id)(A(a)) = V[! 2 ,(id®A(o))V [12] 



= Vp 3 ]S [23 ](A(o) ®id)E [23] V [23] = (id*A)(A(a)). 



□ 



For completeness, we include the following additional result: 
oposition 4 

Then the space 



Proposition 4.15. Let V: Hg® a H — > H a (&pH be a C* -pseudo-multiplicative unitary. 

P Si Si 



C:= [Hul/Hpj] CC(H) 
is an algebra. IfV is regular, then C is a C -algebra. 



22 



Proof. The first assertion follows by combining the following commutative diagrams: 

C „ C 



H 



-> H 



I a) [2] 



|a>[ 2 ] H[i] 



A 



Hp] (a|[i] 



P Si p Si 55 



H[l] 



*}[3] 



H r3 ® a H r .® a H V[12] > H a ®fiHg® a H 1/1231 H a ® p H a ® p H 

1 S) P 55 55 1 S] 55 55 

A 




° s, s, a 

a) [3] Hi] , , ' 

H[i] 




^231 



I a) [2] 



[23] 



s> s> 



[13] 



[12] 



Hp] 



55 Si 



H 



I a) [2] 



P Si 



"> a ){2] 



l«>[2] 



Hp] 



. Hg<g> at>a (H a <g>pH) 

55 Si 



C 



H 



Hi] 



Si 



V, 



[13] 



Hp] 



Si Si 

To prove the second assertion, we combine the following two commutative diagrams: 



" 55 55 P 55 



c* 



Hp] * 



I a) [ 3 ] 



I a) p] 



* Hp] 



c 



# < 



A Hm 



v 



Hp] 



V[12] 

<»< 

'55 ^55 
V[23] 



f> Si 
V[i 3 ] 

p s, Si 



V, 



[12] 



[23] 



55 55 



Hm 



Hi] 



23 



H 



C 



H 



l/%] 



PQfl>Q(B) 

¥ 

H a ® H 

fl (/%] 
V* 

¥ 



[2] 



ft Si 



[12] 



(HfS® a H) a<a ®/}H 

</9|[3] * 



□ 



5 Locally compact groupoids 

The prototypical example of a C*-pseudo-multiplicative unitary is the unitary associated to 
a locally compact groupoid. The underlying pseudo-multiplicative unitary was introduced by 
Vallin |20| . and associated unitaries on C* -modules were discussed in [181117] . We construct 
the C*-pseudo-multiplicative unitary, prove that it is regular, and show that the associated 
legs are just the function algebra of the groupoid on one side and the reduced groupoid C*- 
algebra on the other side. For background on groupoids, Haar measures, and quasi-invariant 
measures, see [TB] or [13] . 

Let G be a locally compact, Hausdorff, second countable groupoid. We denote its unit 
space by G , its range map by ra, its source map by sg, and put G u := G u '■= 

Sq 1 (u) for each u G G°. 

We assume that G has a left Haar system A, and denote the associated right Haar system 
by A -1 . Let pi be a measure on G° and denote by v the measure on G given by 

fdw- f f f{x)d\ u (x)d f i(u) for all / G C C (G). 

G JG° JG" 

The push-forward of v via the inversion map G — > G, x i— > a; -1 , is denoted by v~ x \ evidently, 



fdu- 1 



f(x)d\ u 1 (x) dfj,(u) 



We assume that the measure /i is quasi-invariant, i.e., that v and v~ l are equivalent. Note 
that there always exist sufficiently many quasi-invariant measures [TB]. We denote by D := 
dvjdv~ x the Radon-Nikodym derivative. 

The measure fi defines a tracial proper weight on the C*-algebra Co(G°), which we denote 
by /i again. Moreover, we denote by <8^<gt the C*-base associated to fi as in Example |2.2[ 
thus, f) = L 2 (G°,n). Note that afi^t = <gt£)!8 because Co(G°) is commutative. 

Put H := L 2 (G,v) and define representations r, s: Co(G°) — > C(L 2 (G,u) by 



(r(/)£)(x) := f(ra(x))Z(x), 



for all x e G, £ G C e (G), and / G C (G°). 

The space C C {G) forms a pre-C*-module over Co(G ) with respect to the structure maps 



(€'lO(u)=/ ewcwrfA-M, (e/)w = e( K )/(r G (x)), 



and also with respect to the structure maps 
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We denote the completions of these pre-G*-modules by L 2 (G, A) and L 2 (G, A 1 ), respec- 
tively. 

Proposition 5.1. There exist isometric embeddings 

j: L 2 (G,\) -» C(fi,H) and j : L 2 (G, A -1 ) — > C(Sj, H) 

such that for all £ G C C (G), £ G L 2 (G°,fi), x G G, 

(i(0C)(aO = f(i)C(rc(x)), (j(OC)(*) = *(aOi>- 1/a (z)C(»G(s)). 

TTie images a := j(L 2 (G, A)) and /3 := j(L 2 (G, A -1 )) ore compatible C* -factorizations of H 
with respect to gsi5(gf ^ e ftowe p a = r and = s. Finally, j and j are unitary maps of 
C* -modules over C (G°) 3* 33. 

Proo/. Let G G C (G) and C,C' G C C (G°). Then 
Ja° JG" 

= I <C'IC}L 2 ( G ,A)C 7 WCM^W = (C>M((C'IC)L2( G ,A))C) fl 

Ja° 

and 

<5'K')C'|5'(OC>H = / ^{x)C'(s G (x)K{x)asG(x))D- 1 (x)du(x) 

JG 
JG 

= 11 ^CW^C(«)rfA- 1 ( 3; )d M H = (C'|7r M ((C'|0L 2 ( G ,A-i))C) J ,- 

JG° JG U 

These calculations prove the existence of the isometric embeddings j and j. Straightforward 
arguments show the images of these embeddings are G*-factorizations, and the calculations 
above show that these embeddings are unitary maps of C*-modules. The assertions p a — r, 
Pp = s, and a _L (3 follow from routine calculations and arguments. □ 

Put P := a. 

Denote by ft the extension of the weight fj, to the von Neumann algebra 7r M (Go(G ))" = 
L°°{G° , (J,), and by f and s the extensions of r = p a and s = p^ to L°°(G , (a). From now 
on, we identify 

H S ®?H 2£ Hp(g) a H, Hr®rH^H a ®pH (16) 

A IS AS 

as in Proposition |57l4] By |20| . the Hilbert spaces above can be described as follows. Define 
a measure v 2 r on G BT := {(x,y) G G x G \ s(x) = r(y)} by 

/ fd»l r := [ [ [ f(x,y)d\ s °M(y)d\ u (x)d»(u), 
Jg* jg° jg<* Jg 3 g(*) 

and a measure i/j? r on G 2 . r := {(a;, y) G G 2 j r G (a;) = r G (y)} by 

/ gdVr, r -= / / g(x,y)d\ u (y)d\ u (x)dp,(u), 

JG\ r JG° JG U JG^ 

where / G C c (G 2 s>r ) and g G G C (G 2 r ). Then 

H S ®fH = L 2 (Gs >r , Vs,r)> Hr®rH^L 2 (Gl r ,V* r ). (17) 
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By [20], there exists a pseudo-multiplicative unitary 

V: Hfi® a H -> H a ®i3H 



such that, with respect to the isomorphisms (16 1 and (171, 

{V0( x >U) = C( X , X ^V) for all C G L 2 (G% r , v^ r ), (x,y) € G 2 , r . 

Using the identifications (161, we consider V as a unitary Hfi® a H —> Ha^nH. 

1 — ' p f) u 

Theorem 5.2. The unitary V is a C* -pseudo-multiplicative unitary. 

Proof. We only need to prove 

V*(a<a) = a\>a, V*0>/3) = P<(3, 
V*(/3>/3) = a>p, V»{/3<a)= f3</3. 



(18) 



By Lemma 1.2 and Proposition 5.1 we can identify the factorizations a <l a = /3 o a, /3>/3, 

f3> (5 of Ha® a H as C*-modules with the internal tensor products 

p ft 

L 2 (G,X)s&L 2 (G,\), ^(CX-^Qr L 2 (G,\), L 2 (G, A -1 ) @r L 2 (G, A -1 ), (19) 

and the factorizations a t> a, f3 <i(3, at> j3, f3<(3 of H a ®pH as C*-modules with the internal 

Si 

tensor products 



L 2 (G, A) @ r L 2 (G, A), L 2 (G, A _1 ) r ©L 2 (G, A), 
L 2 (G, A) © r L 2 (G, A" 1 ), L 2 (G, A) r ©L 2 (G, A). 



(20) 



Note that a > a = /3 > /3. The internal tensor products in (191 can be identified with certain 
completions of G c (G 2 r ), and the internal tensor products i n (|20[ ) can be identified with 
certain completions of G c (G 2 r ). In each of the equations in (181, the unitary V maps the 
subspace G c (G 2 >r ) of the G*-factorization on the left hand side to the subspace G c (G 2 ir ) of 
the G*-factorization of the right hand side because V is the transpose of a homeomorphism 
G 2 r — > G 2 , r . The claim follows. □ 

Proposition 5.3. The unitary V is regular. 

Proof. For each 6 G C (G), C G £ 2 (G>), and y G G, 



(0'(Ol[i]V|j(0)p]C)(w) 



(i(C')j(e)*C)(y) = e'(y) 



^(a;)C(x)dA , ' G(H) (x) 



These equations and standard arguments show that [(a|[i]V|a)[2]] and [aa*] coincide with 
the closed span of operators on L 2 (G, v) of the form 



where / e G C (G 2 r ). 



□ 



2G 



By Theorem |4,14| the regular C*-pseudo-multiplicative unitary V gives rise to two con- 
crete Hopf G*-bimodules 

( ai Sin,H,A(V),P,a,A) and {<sSjt S f, A(V), a, /3, A) . 

Denote by m: Co(G) — > C(L 2 (G,u)) the representation given by multiplication operators. 
Recall that for each g G C C (G), there exists a unique operator L(g) G C(L 2 (G, v)) such that 

(L( fl )C)(y)= / ff (x)i3- 1/2 (x)C(x- 1 y)dA rG(s) (x) for all y G G, C € L 2 (G,/,), 

and that the reduced groupoid G*-algebra C*[G) is the closed linear span of all operators 
of the L(g), where g G G C (G) [To] , 

Theorem 5.4. i; 1(F) = m(C (G)) S G (G), and /or each / G C (G), C G H^(g) a H S 
L 2 (G 2 ir ,^ s 2 r ), G G 2 ir , 

(A(m(/))C)(x,y) = f(xy)C(x,y). 

li) A(V) = C*(G), and for each g G C C (G), C S H a (&pH = L 2 (G 2 r , ^ 2 r), (*,y) G Grr, 

(A(L( fl ))C)(x j2 /)= / ff ( Z )C- 1 / a («)C(z- 1 a:,«- 1 V )(iA PO W(«). 

Proof, i) Let G C C (G) and put a f , ? , := (i(0lp]VW)>M. For a11 C ' C ' G i2 ( G ^)' 
(C|^C') = (C©i(C)|nC'©j(f'))> 

= // Cv»)C'(^'(^- 1 2/)dA^W(j / )^(^) = (C|m(/)C'>, 

where / G G C (G) is given by 

*~ / €(vyf'(x~ l w)dA Po( " ) (y). 

Standard arguments show that the closed linear span of all operators m(f) with / G G C (G) 
as above is equal to m(Co(G)). Hence, A(V) = m(Go(G)). 
For each / G Go(G), C € £ 2 (G 2 r , z; 2 ,.), and (a;, t/) G G 2 !r , 

(A(m(/))C)(x,j/) = (V*(id|m(/))VC)(a;,l/) 

= ((id|m(/))VC)(x,sy) = f(xy)(VC)(x,xy) = f(xy)((x,y). 

ii) Let G G C (G) and put a i>s , := {j(0\ [n V|j(0>[i]- For all C, C' G L 2 (G^), 

<CK,e'C'> = <i(0@Cini-(O@O) 

= // eRcMC'WO- 1/2 (x)C'(x- 1 y)dA^^(^)^(y) = <C|i(3)C'), 

JG JG r G<.v) 
where g G C C (G) is given by 

Jg'cW 

By definition, the closed linear span of all operators L(g) with gr G G C (G) is equal to G*(G), 
so A(V) = C r *(G). 
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Finally, for each g € C C (G), £ € L 2 (G^ >r , u 2 r ), and (x, y) £ G\ r , 
(A(L( fl ))C) y) = (V(L(ff) ® id) V*<) (*, v) 
= ((L( S )®id)VC)(a!,a'" 1 ») 

= / S (a)I>- 1/a (z)(VC)(2" 1 a;,a!" 1 y)dA ro( " ) («) 

= / S («)£>- 1/a (zK(z- 1 a; > 2- 1 y)dA ro( - ) (z). □ 
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